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Given a noetherian commutative ring A and an ideal I , the graded ring A[IT ] (⊂ A[T ])
is called the Rees algebra of the ideal. This defines a projective structure and a mor-
phism, say X = Proj(A[IT ]) π−→ Spec(A), called the blow-up at I . The blow-up at I
coincides with the blow up at any power of the ideal, and it is universal with the prop-
erty that the ideal I lifts to an invertible sheaf of ideals, say L= IOX . If A is a domain,
and tor(π∗(I )) is the torsion sheaf in π∗(I ), then L is also defined as the quotient sheaf
π∗(I )/ tor(π∗(I )).
A sheaf of ideals is invertible if and only if it is locally free. If A is a domain, a blow
up at an ideal is a projective birational morphism; and conversely, any projective birational
morphism is the blow up at some ideal.
A theorem of Rossi states an analog for the case of a finitely generated module M over
a domain A. He proves that there is projective birational morphism, say X π−→ Spec(A),
such that π∗(M)/ tor(π∗(M)) is flat OX-module; and furthermore, that this morphism is
universal with this flattening property [11]. We will say that π is the blow-up of A at M .
A coherent sheaf is flat if and only if it is locally free. We mention flatness, rather then
local freeness, since we will relate it with flatness of projective morphism.
Rossi introduces this notion of blowing up at coherent module, with the universal flat-
tening property, within the complex analytic context. His proof is geometric, obtained in
terms of a suitable closure in a Grassmann manifold, and works for coherent sheaves of
modules on reduced analytic spaces.
In this paper we indicate how to extend the notion of blow up of a ring A at a finitely
generated module M , for a non-reduced ring, with some assumptions on M .
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reduced rings. Here A is not reduced, and the universal flattening property will be achieved
by blowing up at an ideal of depth at least one.
We show that the universal flattening property, in this more general context, follows
from a well-known theorem of Lipman (Theorem 1.3). The interest of this, for further ap-
plications, is that this theorem provide equations defining this blow-up from a presentation
of the A-module M .
The main purpose of this paper is to link this notion of blow-ups of modules with that
of flattening of projective morphisms, and to extract properties from this relation.
Set, as before, a domain A and a graded ring S = A[X0, . . . ,Xn]/Q, for some homoge-
neous ideal Q ⊂ A[X0, . . . ,Xn] generated by elements of positive degree. Grothendieck
assigns to the projective morphism Proj(S) σ−→ Spec(A) a morphism, say Spec(A) π←− X,
obtained by blowing-up an ideal, such that setting
TX = π∗(S)/ tor
(
π∗(S)
)
,
then
(a) Proj(TX) → X is flat, and furthermore,
(b) Spec(A) ← X is universal with this flattening property.
This morphism Spec(A) π←− X is called the Grothendieck flattening morphism of the
projective morphism σ .
Let [S]n denotes the homogeneous component of degree n in S. This is a finitely
generated A module, so following Rossi’s theorem there is a blow up of A at [S]n. In
Theorem 6.5 we prove that for n big enough, the blow up of A at the module [S]n, coin-
cides with the Grothendieck flattening morphism Spec(A) ← X.
Suppose first that Proj(S) → Spec(A) is a birational morphism. We may assume that
[S]1 is an ideal J , and that S is the Rees ring of J . In such case the Grothendieck flatten-
ing morphism is the same morphism Proj(S) → Spec(A). This follows from the universal
flattening property.
Suppose now that Proj(S) → Spec(A) is a generically finite morphism. In this case
there is a finite ring extension, say A ⊂ B , and an ideal J ⊂ B , and S can be defined as
the Rees ring of J as an ideal in B . Note that J , and any power of this ideal, is a finitely
generated A module. It turns out that the blow up of A at J might not be the same as that
of J n (see Example 4.2). An outcome of Theorem 6.5 is that the blow ups at the modules
Jn stabilize for n big. In fact, the theorem asserts that for all n big enough, the blowup at
Jn coincides with the Grothendieck flattening morphism of the projective morphism
ProjB[JT ] → Spec(A).
The theorem of Rossi (see also [10]), is related to various independent developments in
the study of singularities, for instance with the notion of Nash transformation.
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related technics they provide a systematic study of multiplicity, and of integral dependence
for modules, both with applications to equisingularity theory.
There has also been some recent interest in the so called Rees ring of a module [1,3],
with which our work has some suggestive analogies.
We organize the paper as follows. In Sections 1 and 2 we discuss invariants of a module
defined in terms of the presentation. We attach to a finitely generated A-module M , subject
to some condition of “generic flatness,” a fractional ideal called the norm of M . In Section 3
we show that the blow up at the norm of M has the universal flattening property mention
before, which we extract from Lipman’s Theorem 1.3. This blow up is called the blow
up of A at M . An example in Section 4 motivates the relation of these blow ups with the
flattening of projective morphisms.
We consider modules over non-reduced rings, in Section 5 we extend the notion of
birational morphism in this general context. This will be used in the formulation of the
Grothendieck–Raynaud Theorem 6.3. And Section 6 is devoted to Theorem 6.5 which is
the link of Theorem 6.3 with the blow-ups at modules.
1. Criteria of flatness
1.1. Fitting ideals and flatness. Here A will always denote ring, and schemes will be
noetherian and separated. We first recall basic properties of Fitting ideals, and refer to [2,
8], or [12] for their proofs.
Fix an A-module M generated by elements, say {m1,m2, . . . ,mN }, and a presentation:
0 → P → AN → M → 0. (1.1.1)
P is the first module of syzygies. An element in P is an N -tuple in AN , corresponding
to a relation of {m1,m2, . . . ,mN }. The Fitting ideal Fs(M) is generated by all (N − s)-
minors, for all (N − s) × N matrices with rows in P . If N − s < 1 set Fs(M) = A,
and set Fs(M) = 0 for N − s > N . It follows that F0(M) ⊂ F1(M) ⊂ · · · ⊂ Fk(M) ⊂
Fk+1(M) ⊂ · · · .
These ideals are independent of the presentation (1.1.1), and the definition is compatible
with change of base ring: if B is an A algebra Fs(M ⊗A B) = Fs(M) · B , where the left-
hand side is the Fitting ideal of the B-module M ⊗A B .
For each prime p ∈ Spec(A), we define the local rank of M at p to be the dimension of
the Ap/pAp vector space Mp ⊗A Ap/pAp . The local rank of M at p is k if and only if k
is the biggest index for which Fk−1(M) ⊂ p.
The link of Fitting ideals with flatness arises over local rings, and it is expressed by the
fact that Mp is flat over Ap if and only if Fk(Mp) = 0 for all proper Fitting ideals in Ap .
In case that A is a domain, with quotient field K , the generic rank of M will denote the
dimension of the K-vector space M ⊗A K . If the generic rank is s, then Fs(M) is the first
non-zero Fitting ideal, and M is a flat module if and only if Fs(M) = A.
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denote the torsion of M (the kernel of M → M ⊗A Q(A)).
The following theorem of Lipman, that relates flatness with torsion, has been a key
result for flattening theorems (see [8, p. 338]).
1.3. Theorem. Let (A,m) be a local ring. Fix a module M and an integer r . The following
conditions are equivalent:
(1) F0(M) = F1(M) = · · · = Fr−1(M) = 0 and Fr(M) is invertible.
(2) M has projective dimension at most one, and M/ tor(M) is free of rank r .
Our first objective is to define a blow up X π−→ Spec(A) such that π∗(M)/ tor(π∗(M))
is locally free. Moreover, we want this morphism to be universal with this property.
The condition on the projective dimension, in part (2) of the theorem, does not allow us
to achieve our universal morphism by simply blowing up at the smallest non-trivial Fitting
ideal.
As indicated before, flatness of M is a local property. In fact M is flat over a local ring
if and only if the first non-zero Fitting ideal is not a proper ideal. Using this theorem, and
the compatibility of Fitting ideals with change of base ring, we obtain the following useful
criterion of flatness.
Local criterion of flatness. Assume that A is local, and that the first non-zero Fitting ideal
Fr(M) is not nilpotent. Then M is flat over A if and only if M ⊗A S is torsion free for any
A algebra S which is a domain.
If Fr(M) is a proper ideal in a local ring, that is not nilpotent, then a domain T can be
defined (a quotient of A), so that Fr(M)T is a proper non-zero ideal. In particular, M ⊗A T
is not flat.
Take S to be a local ring at the blow-up of T at Fr(M)T , so that the invertible ideal
Fr(M)S (= Fr(M ⊗A S)) is proper. Theorem 1.3 asserts that the module M ⊗A S must
have torsion.
The condition on the ideal Fr(M), in the criterion, is not superfluous. Consider the
ideal M = X · k[X]/〈Xn+1〉 = k[X]/〈Xn〉 as a principal A = k[X]/〈Xn+1〉-module. The
smallest non-zero Fitting ideal is X · A, so the module is not free. Yet M ⊗A C is free for
any domain C.
2. On the norm of a module
We will first consider the case in which A is a domain, with quotient field K . The finitely
generated A-submodules of K are called the fractional ideals. Note that any torsion free
module of generic rank one is isomorphic to a fractional ideal; and any fractional ideal is
isomorphic to an ideal of A. Recall that, for two fractional ideals J1 and J2,
HomA(J1, J2) = {k ∈ K | k · J1 ⊂ J2}. (2.0.1)
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We consider the class of all fractional ideals modulo isomorphisms, and in this set we
define, for each finitely generated module M of generic rank r , the class:
MA = Im
( r∧
M → K =
r∧
M ⊗A K
)
.
The identification of
∧r
M ⊗A K with K is not canonical, so the image is well-defined
up to isomorphism. The objective in this section is Proposition 2.5, which expresses this
fractional ideal in terms of the presentation of M (i.e., in terms of (1.1.1)). The proof is
done by three reductions; first for the case of modules isomorphic to ideals (a well-known
theorem of Hilbert–Burch, see Proposition 2.2 or [2, p. 502]), second for the case of generic
rank one (Corollary 2.4), and finally for the general case, in Proposition 2.5, by reduction
to the second case using wedge products.
2.1. Remark. If M has rank r , there are elements {p1, . . . , pN−r} ⊂ P in (1.1.1), so that
the (N − r)×N matrix defined by these elements has rank N − r (i.e., a non-zero (N − r)-
minor).
Let P1 ⊂ P be the submodule spanned by {p1, . . . , pN−r}. Note that P1 = AN−r , and
consider the quotient M1:
0 → P1 = AN−r → AN → M1 → 0. (2.1.1)
Finally note that:
(a) M1 has projective dimension at most 1.
(b) M1 has rank r , there is a natural surjection M1 → M , and M1/ tor(M1) = M/ tor(M).
2.2. Proposition. If M = I is an ideal, then P1 = AN−1 in (2.1.1), and I is isomorphic to
the ideal of (N − 1)-minors of the matrix, say Γ , with rows {p1, . . . , pN−1}.
Proof. The first assertions is clear since I has generic rank 1. Set
0 → AN−1 → AN → I1 → 0 (2.2.1)
as in (2.1.1). Here A is a domain and I1/ tor(I1) = I , so HomA(I,A) = HomA(I1,A).
Taking duals, we get an exact sequence:
0 → HomA(I,A) = I−1 →
(
AN
)∗ → (AN−1)∗.
Let αi be the determinant of the square matrix Γi , obtained by deleting the ith column
of Γ . The second claim is that I and the ideal 〈α1, . . . , αN 〉 are isomorphic (fractional)
ideals.
Define γ ∈ (AN)∗ by setting γ (ei) = (−1)iαi , and check that γ (pj ) = 0, j =
1, . . . ,N − 1 (i.e., that γ ∈ I−1). This proves our second claim since γ (I) = 〈α1, . . . , αN 〉
must be of the form k · I for some 0 	= k ∈ K (2.0.1). 
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the conditions in the proposition. The ideal of (N − 1)-minors of the matrix with rows
{p1, . . . , pN−1}, and the ideal of (N − 1)-minors of the matrix with rows {p′1, . . . , p′N−1},
are isomorphic fractional ideals.
Proof. The proof of the proposition shows that there are non-trivial elements γ and γ ′ in
M∗, such that γ (M) is the first ideal, and γ ′(M) the second ideal. Both are isomorphic to
I by (2.0.1). 
2.4. Corollary. Fix a module M of generic rank one. Then P1 = AN−1 in (2.1.1), and the
ideal of (N − 1)-minors of the matrix defining AN−1 → AN is isomorphic to M/ tor(M).
Proof. Fix P as in (1.1.1) for M ; and let {p1, . . . , pN−1} ⊂ P define a module P1 = AN−1.
A module M is of rank one if and only if M/ tor(M) is isomorphic to a non-zero ideal,
say I . In such case M∗ = I ∗. Furthermore, one can take a presentation
0 → P ′ → AN → I → 0
such that P ⊂ P ′ (see (1.1.1)).
Note that {p1, . . . , pN−1} defines a free submodule of P ′, and finally argue as in Propo-
sition 2.2 to show that I is isomorphic with the ideal (N − 1)-minors of the matrix with
rows {p1, . . . , pN−1}. 
2.5. Proposition. Let M be a finitely generated module of generic rank r . The ideal
spanned by the (N − r)-minors of the matrix of AN−r → AN in (2.1.1), is a represen-
tative of MA as fractional ideal.
Proof. The module
∧r
M has generic rank one, and the kernel of the surjection
r∧(
AN
)→ r∧M → 0
is the submodule spanned by all wedge products of the form ω1 ∧ ω2 ∧ · · · ∧ ωr , with at
least one ωi ∈ P (see (1.1.1)). We now define an element γ ∈ (∧r (AN))∗ which is also an
element in (
∧r
M)∗ (i.e., such that γ (ω1 ∧ω2 ∧ · · · ∧ωr) = 0 if at least one ωi ∈ P ).
Let {e1, . . . , eN } be the canonical basis of AN , and identify ∧N(AN) with A by setting
e1 ∧ · · · ∧ eN = 1. There is now a natural isomorphism, for each integer s:
( s∧
AN
)∗
=
N−s∧
AN.
Take {p1, . . . , pN−r} as in 2.1, then p1 ∧ p2 ∧ · · · ∧ pN−r is a non-trivial element in
(
∧r
AN)∗ which we call here γ . For each sequence, say β = i1 < i2 < · · · < ir , set [β] = r
and define:
rβ = p1 ∧ · · · ∧ pN−r ∧ ei ∧ ei ∧ · · · ∧ eir = γ (ei ∧ ei ∧ · · · ∧ eir ) ∈ A.1 2 1 2
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γ (ω1 ∧ω2 ∧ · · · ∧ωr) (= p1 ∧ · · · ∧ pN−r ∧ω1 ∧ω2 ∧ · · · ∧ωr)
is the determinant of the (N × N)-matrix, where the first N − r rows are the vectors pi ,
and the last r rows are the ωi .
This shows, on the one hand, that
γ
( r∧
AN
) (= 〈rβ/[β] = r 〉)
is the ideal of N − r minors of the ((N − r)×N)-matrix with rows pi . On the other hand,
since the generic rank of M is r , that:
γ (ω1 ∧ω2 ∧ · · · ∧ωr) = 0
whenever one ωi ∈ P . This last point shows that γ ∈ (∧r (M))∗. Note that ∧r (M) is of
generic rank one, so the statement follows now from Corollary 2.4. 
2.6. Corollary. Let r denote the generic rank of M , and let {p1, . . . , pN−r} and
{p′1, . . . , p′N−r} be two subset in P that fulfill the conditions in Proposition 2.5. The ideal
of (N − r)-minors of the matrix with rows {p1, . . . , pN−r}, and the ideal of (N − r)-minors
of the matrix with rows {p′1, . . . , p′N−r}, are isomorphic fractional ideals. Moreover, both
are representatives of MA.
2.7. Generically flat modules. We now extend, under some assumptions on the module,
the outcome of Proposition 2.5 to more general rings. Let A → Q(A) be the inclusion in
the total quotient ring.
2.8. Definition. We say that a finitely generated A-module M is generically flat, of generic
rank r , if M ⊗A Q(A) is a free Q(A)-module of rank r .
If A is a domain, Q(A) is a field, and any module is generically flat.
Note that M is generically flat of rank r , if and only if Fr(M) is the first non-zero Fitting
ideal, and depth(Fr(M)) > 0 (i.e., Fr(M) ·Q(A) = Q(A)). In such case set
MA = Im
( r∧
M → Q(A) =
r∧
M ⊗A Q(A)
)
.
Recall that all Fitting ideals of M can be defined in terms of a presentation (1.1.1).
Generic flatness of M insures that the argument in 2.1 extends. In fact, P1 (⊂ P) can be
defined, so that the ideal of (N − r)-minors of P1 is also of depth at least one. In such
case the natural surjection M1 → M induces an isomorphism at the localization Q(A);
and hence induces a natural isomorphism M1/ tor(M1) = M/ tor(M), where tor() denotes
the torsion.
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∧r
M → Q(A) =∧r M ⊗A
Q(A), namely
∧r
M/ tor(∧rM), is a submodule in Q(A) of depth at least one (i.e., is
generically flat of rank one).
Note that an ideal I ⊂ A is generically flat if and only if it has depth at least one. In
such case I is in the class of IA.
Assume now that M = I is a generically flat ideal in A (of generic rank one). Then
I ⊗A Q(A) = Q(A), and there is a natural inclusion
HomA(I,A) ⊂ HomA(I,A)⊗A Q(A) = Q(A),
which provides an identification of elements of the dual with elements in Q(A).
We now argue as in Proposition 2.2 to show that the ideal, spanned by all (N − 1)-
minors of P1, is isomorphic to I .
In fact, define again an element γ ∈ HomA(I,A) (= ker((AN)∗ → (AN−1)∗)), so that
the coordinates of γ ∈ (AN)∗ are given by the (N − 1)-minors. This last condition asserts
that γ (I) is the ideal spanned by those minors.
In order to prove that γ (I) and I are isomorphic, it will suffice to show that γ (∈ I ∗ ⊂
Q(A)) corresponds to a non-zero divisor in Q(A). Note that the ideal of coordinates of γ
is of depth at least one. So one of the coordinates of γ , in the free module (AN)∗, is a unit
in Q(A). Therefore γ (I) is k · I for some unit k ∈ Q(A), so both ideals are isomorphic.
Recall finally, that the proof of Proposition 2.5 reduces to the case of ideals, which we
take here to be of rank one (of depth at least one).
2.9. We end this section by analyzing main property of the operator −A on the class
of generically flat A-modules. We will identify MA with any representative (which is a
fractional ideal). We say that a factional ideal is locally trivial if it is locally isomorphic
to A.
2.10. Proposition.
(1) MA is locally trivial if and only if M/ tor(M) is flat.
(2) Let A ⊂ B be a finite extension of domains, and let M be a finitely generated B-
module, then:
MA = 
(
MB
)
A.
Proof. Fix a module M and a presentation (1.1.1). In Remark 2.1, a module M1 of pro-
jective dimension at most one is defined, and M1/ tor(M1) = M/ tor(M). In particular, M1
and M have the same generic rank, and M1 = M. We claim that the statement in (1)
follows now from Proposition 2.5 and Theorem 1.3. Since the generic rank of M1 is r , and
M1 is generically flat, it follows that
F0(M1) = F1(M1) = · · · = Fr−1(M1) = 0
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alence in (1) follows from Theorem 1.3 for the module M1, but M and M1 are the same
modulo torsion. This proves (1).
Let s be the generic rank of B over A, and r the generic rank of M over B . Note that
M is a finitely generated A module of generic rank s · r .
By definition, MB is the image of
∧r
B M → L ⊗B
∧r
B M = L where L denotes the
quotient field of B . There is a natural surjective map ∧r
Z
M →∧rB M , and hence a natural
map
∧r
Z
M → L with image MB .
For the assertion in (2) note that the natural surjection
s·r∧
Z
M =
s∧
Z
(
r∧
Z
M
)
→
s·r∧
A
M
factors though
∧s
Z
(
∧r
Z
M) →∧sA(∧rB M). 
3. Universal flattening property
3.1. We have defined the torsion, tor(M), of an A-module M , as the kernel of localization
M → M ⊗A Q(A), where Q(A) denotes the total quotient ring. For every prime ideal
P ⊂ A, there is a natural identification Q(AP ) = Q(A)⊗A AP .
A module M is generically flat of rank r if M ⊗A Q(A) = Q(A)r , in particular
tor(M)P = tor(MP ), or say, M/ tor(M) is torsion free at any localization. In other words,
the module M/ tor(M) induces a sheaf over Spec(A); and the stalk at P is MP/ tor(MP ).
The notion can be stated in terms of sheaves. Set Q(A) as the quasi-coherent sheaf
over Spec(A) defined by Q(A), and let M be the coherent sheaf defined by M . There is a
natural morphismM→M⊗Q(A), and M/ tor(M) is the A module of global sections of
the image. A similar statement holds for a scheme X, where a quasi-coherent sheaf Q(X)
can be defined by setting, over each affine open set Spec(A), the sheaf Q(A).
We will say that a coherent sheaf M is generically flat, if this condition holds for re-
striction on affine open sets. In other words, if Spec(A) = U ⊂ X, we require MU to be
induced by a generically flat A-module M . We also define the sheaf M/ tor(M) so that
(M/ tor(M))U is the sheaf induced by M/ tor(M).
3.2. Remark. Fix a local ring A, a generically flat module M of generic rank r , and a
presentation (1.1.1). Let A → S be a morphism of local rings, and assume that M ⊗A S
is generically flat of generic rank r . A presentation (2.1.1) can be defined so that, with
notation as in Remark 2.1:
(a) M1 ⊗A S has projective dimension at most 1 over S.
(b) M ⊗A S and M1 ⊗A S have generic rank r over S.
(c) There is a natural surjection M1 ⊗A S → M ⊗A S, and
M1 ⊗A S/ tor(M1 ⊗A S) = M ⊗A S/ tor(M ⊗A S).
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on Theorem 1.3. The blow-up, defined in this theorem, will be called the blow-up of A at
the module M .
3.3. Theorem. Let M be a finitely generated A-module, generically flat of generic rank r .
There is a blow-up:
Spec(A) π←− X
with the following (universal) property:
(1) π∗(M)/ tor(π∗(M)) is a locally free sheaf of OX-modules of rank r .
(2) For any morphism Spec(A) γ←− Y , for which γ ∗(M)/ tor(γ ∗(M)) is a flat OY -sheaf of
local rank r , there is a unique morphism β : Y → X such that β · π = γ .
Proof. Following Rossi’s result, we set Spec(A) ← X as the blow-up at the fractionary
ideal M (at any representative). Recall here the isomorphic fractionary ideals define the
same blow-up. Remark 3.2(c) shows that, for the purpose of the theorem, M can be re-
placed by M1.
The Fitting ideal Fr(M1) in A, is the ideal spanned by all (N − r)-minors of the matrix
of AN−r → AN in (2.1.1), which is a representative of M by Proposition 2.5.
Apply Theorem 1.3, and the universal property of blowing up, to prove the theorem
for M1. Finally apply Remark 3.2 to extend the result to M . 
3.4. Note that the blow-up in Theorem 3.3 induces an isomorphism over a dense open set in
Spec(A). In fact it is an isomorphism over Spec(Q(A)), and hence over the generic points.
Here Spec(A) π←− X is the blow-up at an ideal I of depth  1, so I ⊗A Q(A) = Q(A).
We will show that this morphism induces a natural identification of total quotient rings (of
Spec(A) with that of X). We will address this kind of transformations in Section 5; they
are the natural analogs of birational morphisms in case that A is a domain.
The universal property expressed in the theorem allows us to extend it to non-affine case,
replacing M by a coherent generically flat sheafM, of a fixed rank r , over a scheme Y . In
fact over each affine open, say Spec(A), we blow up at some representative of M. Any
representative defines the same morphism over Spec(A), so it suffices to check that this
morphisms patch; and this follows from the definition of M.
There are other ways to prove this theorem. This one has the advantage of providing
generators of the ideal M from the presentation (1.1.1).
If M is a module of generic rank r , then M/ tor(M) can be included in a free module of
rank r , say M/ tor(M) ⊂ Ar ; and from the very definition, in terms of wedge products, one
can easily check that M is the ideal spanned by the determinants of all r × r matrices
with rows in M/ tor(M), viewed as r-tuples via the inclusion in Ar .
Note, finally, that the universal property, in Theorem 3.3, is not achieved by simply
blowing up the smallest non-zero Fitting ideal of M . The following example illustrates this
fact.
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M/ tor(M) = 0 which is flat, so the universal morphism is the identity map. Note that
the smallest non-zero Fitting ideal is J .
4. Properties of blow-ups and generically finite morphisms
4.1. If A is a domain, all A modules are generically flat; and M is a finitely generated of
generic rank one if and only if M/ tor(M) is a fractionary ideal (is isomorphic to an ideal).
In such case, the blow-up at M , as defined in Theorem 3.3, is the usual blow-up at the
fractional ideal M/ tor(M). In particular, if M = J is an ideal, the blow-up is the usual
one.
Let A ⊂ B be a finite extension of domains, and let J be an ideal in B . It is natural
to relate the blow-up of B at J , with the blow-up of A at J , where this last morphism is
defined in Theorem 3.3. For instance:
(1) Does the blow up of A at J coincide with the blow up at a power Jn?
This is true when we view J as a B module, but the example below shows that this
condition might not hold over B . However, a second natural question rises.
(2) Does the blow-up of A at Jn stabilize for n big enough?
We will show that this second question is true.
A particular outcome of the Stein Factorization Theorem is that any projective and
generically finite morphism of irreducible schemes, say Y → Spec(A), is defined in this
way: by taking a finite ring extension A ⊂ B , followed by the blow up at some ideal J
in B . So question (2) is natural in the study of projective and generically finite morphisms.
We answer question (2) as a particular case of Theorem 6.3.
4.2. Example. Set
A = k[X,Y ] ⊂ B = k[X,Y,Z]/〈Z2 −X · Y 〉,
and the ideal P = 〈Z,X〉 ⊂ B .
We claim that P is flat over A, an that P 2 is no longer flat. In particular, the blow-up of
A at the B-ideal P is the identity map, however the blow-up at P 2 is no longer trivial.
Consider the exact sequence
0 → P → B → B/P → 0
as a finite sequence of A modules. Here B is free over A and P is principal over B ex-
cept at the origin. So it suffices to check the flatness of P over A locally at the maximal
ideal 〈X,Y 〉 ⊂ A. Since H(0) (B/P ) = 0, the long exact sequence of local cohomology〈X,Y 〉
130 O. Villamayor U. / Journal of Algebra 295 (2006) 119–140shows that P has depth two at 〈X,Y 〉, and thus it is flat over such local regular ring. Since
H
(0)
〈X,Y 〉(B/P 2) 	= 0, the same argument shows that P 2 is not flat over A.
5. On birational transformations
5.1. An irreducible reduced scheme V has a field of quotients, say K , and the sheaf Q(V )
(see 3.1) is the constant sheaf defined by K . If V2 → V1 is a morphism of irreducible
reduced scheme, we say that the morphism is birational if it induces an identification of the
total quotient fields.
In this section we define birational transformations for projective morphism, say
X2 → X1, but among more general schemes. We will require a natural identification of
the sheaves Q(X)1 and Q(X)2.
We also recall briefly the notion of scheme theoretical closures, which will also be used
in the next section.
5.2. Consider the data
(Z
π−→ Y ;M), (5.2.1)
where Z → Y is a projective morphism, and M is a coherent sheaf of OZ-modules. So
there is a closed immersion Z ⊂ PNY , the morphism π is induced by PNY → Y , and M is a
O
P
N
Y
coherent sheaf supported on Z.
To fix ideas consider the case Y = Spec(A), for some ring A. After a suitable Veronese
embedding (for N big enough), we may identify
(
Z
π−→ Spec(A);M)
with:
(1) Z = Proj(T ), T = A[X0,X1, . . . ,XN ]/Q for some homogeneous ideal Q.
(2) M is the coherent sheaf induced by a finitely generated graded T -module ∑Mn.
For general Y (i.e., for (Z π−→ Y ;M)), the same identification holds replacing A byOY ,
and Mn by a coherent OY -sheavesMn.
Grothendieck proves that the set of points z ∈ Z, such that Mz is flat over OY,π(z),
define an open subset in Z. Recall that projective morphisms are proper, and note that
there is a biggest open set, say U ⊂ Y , such thatMπ−1(U) is flat over U .
If A is a local ring, and (1) and (2) hold, then M is flat over Spec(A) if and only if the
modules Mn are flat over A, for all n big enough [2, p. 175]. The next proposition follows
easily from this local statement.
5.3. Proposition. The coherent Z-sheaf M, in (5.2.1), is flat over a noetherian scheme Y ,
if and only if the coherent sheavesMn are flat OY -modules, for all n big enough.
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an open set U ⊂ Spec(A) contains Ass(A) if and only if Spec(Q(A)) ⊂ U . For a general
scheme Y we define Ass(Y ) as the union of all Ass(A) for all affine charts Spec(A) ⊂ Y .
5.5. Definition. We will say that a projective morphism X π−→ Y is birational if:
(1) there is an open set U ⊂ Y such that Ass(Y ) ⊂ U , and π−1(U) π−→ U is an isomor-
phism;
(2) for any x ∈ X:
Q(OX,x) = Q(OX,π(x)),
where Q() denotes the total quotient ring.
5.6. Lemma. A projective birational morphism X π−→ Spec(A) is the blow-up at an ideal
of positive depth.
Proof. Set X = Proj(T ) for a graded T , and Mn = [T ]n; namely, the homogeneous sum-
mand of degree n of T . It suffices to proof that for n big enough,
(a) tor(Mn) (the torsion of the A-module Mn) is zero, and
(b) Mn ⊗A Q(A) = Q(A).
In fact, in such case Mn is isomorphic to an ideal of positive depth, which clearly proves
our claim.
Fix a point x ∈ X, set B =OX,x and AP =OSpec(A),π(x), so AP ⊂ B is an inclusion of
local subrings in Q(AP ) = Q(B). In particular, B is torsion free over AP . Since this holds
at any point x ∈ X, it follows that the graded ideal
∑
tor(Mn)(⊂ T )
is an irrelevant ideal (i.e., that tor(Mn) = 0 for n big).
On the other hand, for n big enough, the twisted sheafOX(n) is generated by the global
sections Mn. So Mn ⊗A B = O(n)X,x is a free OX,x -module of rank one. In particular
Mn ⊗A B ⊗B Q(B) (= Mn ⊗A Q(AP )) = Q(AP ). By taking x ∈ U in Definition 5.5(1),
we see that Mn ⊗A Q(A) is locally free of rank one over Q(A). Since Q(A) is semi-local,
Mn ⊗A Q(A) = Q(A), as was to be shown. 
5.7. Fix a coherent sheaf P over a scheme X, and an open set U in X. Set F = X − U
and H0F (P) (⊂ P) the subsheaf of elements with support at F . The quotient sheaf P ′ =
P/H0F (P) fulfills the following two properties:
(a) P ′U =PU ;
(b) Ass(P ′) ⊂ U , or equivalently, Ass(P ′) = Ass(PU) (associated primes of the restricted
scheme).
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surjective morphism P ′′ →P ′ → 0.
To check this main property it suffices to argue locally. Assume that X = Spec(B) is
affine, in which case all sheaves are induced by B-modules, say P , P ′, and P ′′. Note that
P ′ is, by definition, the image of P → Γ (U,P). Since P ′′U = PU we conclude that P ′
is also the image of P ′′ → Γ (U,P)(= Γ (U,P ′′)); and hence, there is a surjection of B
modules P ′′ → P ′ → 0.
5.8. Remark.
(1) If P is the structural sheaf OX , then P ′ is the sheaf of functions of the scheme theo-
retical closure of U in X.
(2) Set X = Spec(B), and let P be defined by a B-module P . Let U ⊂ Spec(B) be an
open set that contains Spec(Q(B)).
If the restricted sheaf PU is a torsion free sheaf, then P ′ is defined by the B-module
P/ tor(P ). In particular, if P is free over B , then P =P ′.
(3) If X = Spec(B) and U ⊂ Spec(B) contains Spec(Q(B)), then U is dense in Spec(B)
(i.e., the scheme theoretical closure of U is Spec(B)).
Note that (3) follows from the last claim in (2). As for the proof of (2) note that, by
assumption, there is a natural injective morphism of sheaves over U , say
PU → PU ⊗Q(B)U ,
where Q(B) is the quasi-coherent sheaf defined by the B-module Q(B). So the image of
P on Γ (P,U), is the image of P on P ⊗Q(B), which is P/ tor(P ).
5.9. Corollary. An open set U ⊂ X is dense in X if and only if Ass(X) ⊂ U (5.4).
5.10. Lemma. Fix a projective morphism X π−→ Y , and assume that there is an open set
U ⊂ Y such that
(1) Ass(Y ) ⊂ U , and π−1(U) π−→ U is an isomorphism.
(2) π−1(U) is dense in X (i.e., X is the scheme theoretical closure of π−1(U)).
Then X π−→ Y is a projective birational morphism (Definition 5.5).
In particular, the morphism can be locally defined by blowing up an ideal of positive
depth (5.6), and induces a natural identification of the quasi-coherent sheaves Q(X) and
Q(Y ) (3.1).
Proof. Since the statement is local, set Y = Spec(A). By Lemma 5.6, it suffices to prove
that condition (2) holds in 5.5.
Set V = Spec(B) an affine open set in X, so V is the closure of V ∩ U , and there is an
inclusion:
0 → B → Γ (X,V ∩U).
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with local ring, say AP . Here P is in the closure of V ∩U in Spec(A). The restrictions of
the sheaves X and Spec(A) to the open set U ∩ V coincide, and there is an inclusion
OV∩U ⊂Q(A)V∩U ,
where Q(A)V∩U is the sheaf defined by the A-module Q(A). Replacing Spec(A) by a
suitable affine neighborhood of P , we may assume that Q(A) = Q(AP ). In such case
Q(A)V∩U will be the quasi-coherent sheafQ(AP )V∩U (defined by the A-module Q(AP )).
Finally, taking global sections on V ∩U , followed by natural localizations, we get
AP ⊂ BP ′ ⊂ Q(AP ),
which implies condition (2) in 5.5. 
6. On the Grothendieck–Raynaud flattening theorem
6.1. Set (Z → Spec(A),M) as in 5.2, defined by Z = Proj(T ), where
T = A[X0,X1, . . . ,XN ]/Q
for some homogeneous ideal Q, and let M be the coherent sheaf induced by a finitely
generated graded T -module, say
∑
Mn.
The fiber product defined by Spec(A) ← Spec(Q(A)), induces
(
Z × Spec(Q(A))→ Spec(Q(A)),M× Spec(Q(A))), (6.1.1)
where
Z × Spec(Q(A))= Proj(T ⊗A Q(A)),
and M× Spec(Q(A))) is the sheaf induced by the graded module ∑Mn ⊗A Q(A).
There are natural morphisms
T → T ⊗A Q(A) and
∑
Mn →
∑
Mn ⊗A Q(A);
and replacing T and
∑
Mn by these images, we get torsion free quotient: T/ torA(T ) and∑
Mn/ torA(
∑
Mn).
6.2. Definition. Given a morphism of schemes, say V f−→ Spec(A), we define the torsion
free transform of the data (Z → Spec(A),M), say (ZV → V,MV ), where MV is the
quotient sheaf f ∗(M)/ torA(f ∗(M)), and torA() denotes the A-torsion.
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and MY is the sheaf of modules induced by the f ∗(T )/ torA(f ∗(T )-graded sheaf∑
f ∗(Mn)/ torA(f ∗(Mn)).
6.3. Theorem (Grothendieck–Raynaud). Set (Z h−→ Spec(A),M), as above, and
(
Z × Spec(Q(A))→ Spec(Q(A)),M× Spec(Q(A)))
as in (6.1.1). If M× Spec(Q(A)) is flat over Spec(Q(A)), then there is a projective bi-
rational morphism X π−→ Spec(A), such that setting (ZX → X,MX) as the torsion free
transform:
(1) MX is a flat sheaf over X; and,
(2) if Y → Spec(A) is a projective birational morphism, and the torsion free transform
of M, say MY , is flat over Y , then there is a unique Spec(A)-morphism Y → X
liftingMX to MY .
Proof. For (Z f−→ Spec(A),M) as above, and for any morphism of schemes Y →
Spec(A), set (Z × Y → Y,M× Y) by taking fiber products, soM× Y is the pull-back of
M via Z × Y → Z.
Let Quot(Y ) denote the set of all quotients sheaves of M× Y , which are flat over Y ,
modulo isomorphisms over Y .
This defines a functor
Quot() : (Sch/A)0 → Sets, Y → Quot(Y ).
Grothendieck proves that this functor is representable; and represented by a scheme, say
Quot ∈ Sch/A,
which is a disjoint union of projective schemes over A [9].
So there is a morphism Quot → Spec(A), and a data:
(Z × Quot → Quot,MQuot), (6.3.1)
where the (Z × Quot)-sheaf MQuot is a quotient sheaf of M× Quot, which is flat over
Quot.
We assumed in our Theorem that M× Spec(Q(A)) is flat over Spec(Q(A)). So there
is an open set U ⊂ Spec(A), such that Spec(Q(A)) ⊂ U , and at the open set f−1(U) ⊂ Z,
the f−1(U)-sheafMf−1(U) is flat over U . The theorem of Grothendieck asserts that there
is a projective scheme Quotl over A (union of connected components of Quot), and a
natural section s : U → Quotl (of Quotl → Spec(A)).
By Remark 5.8(3), we know that U is dense in Spec(A). Lemma 5.10 asserts that the
closure of s(U), say X ⊂ Quotl , defines a projective birational morphism over Spec(A)
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erty in (2).
Let Y α−→ Spec(A) be a projective birational morphism which fulfills the condition
in (2). There is an open set U ′ ⊂ Spec(A), containing the points of Spec(Q(A)), over
which α is an isomorphism; say α−1(U) = U . We assume that U = U ′, replacing both
open sets by the intersection.
Grothendieck’s representation theorem asserts that there is a unique morphism
Quot ← Y . Moreover, the universal property asserts that the image of α−1(U) (⊂ Y),
in Quot, is s(U).
Since α−1(U) is dense in Y , the image of Y factors through the closure of s(U). This
proves property (2).
It remains to justify that a flat sheaf MX arise from the torsion free transforms of
(Z
f−→ Spec(A),M), with the properties in (1) and (2) of the theorem.
From the universal property of the Grothendieck Representation Theorem we note that:
(1) The inclusion X ⊂ Quotl induces, by restriction of (6.3.1), (Z × X h−→ X,N ); where
N is a quotient of the sheafM×X, and N is flat over X.
(2) The restriction of N to h−1(s(U)) is naturally isomorphic to (Z ×U → U,M×U).
In particular, the two coherent sheaves of Z × X modules: N and M× X, define the
same restriction on the open set Z ×U (⊂ Z ×X).
Let N be defined by the graded structure ∑Nn, for coherent OX-sheaves Nn; and
let MX be defined by
∑
(MX)n. The flatness of N over X is equivalent to the flatness
of the coherent OX-sheaves of modules Nn, for all n big enough (5.3). Finally note that
Nn = (MX)n over the dense open set s(U) in X, and both isomorphic to the sheaf defined
by the restriction of the A-module Mn to the open set U in Spec(A).
We claim now that, for n big enough, Nn = (MX)n on all X, and that both are equal to
the torsion free transform of the A-module Mn.
Fix n big enough, so thatNn is a coherent and flat sheaf over X. There is a suitable open
affine cover of X, so that the restriction of Nn to each affine open set, say Spec(B) ⊂ X,
is free. Since s(U) is dense in X, Spec(B) ∩ s(U) is dense in Spec(B). Finally apply
Remark 5.8(2), for the free sheaf defined byNn on Spec(B), to show thatNn is the torsion
free transform of the A-module Mn.
Since this holds for all n big, it follows that N =MX is the torsion free transform of
M in part (1) of the theorem.
A similar argument shows that if MY is the torsion free transform of M, then the
second condition in (2) holds. 
6.4. Remark. The condition on the morphism X π−→ Spec(A) in Theorem 6.3(1), is that
the torsion free transform of (Z → Spec(A),M) (via π ) should be flat over X.
Here Z = Proj(T ), and T = A[X0,X1, . . . ,XN ]/Q, for some homogeneous ideal Q,
and M is a coherent sheaf induced by the finitely generated graded T -module ∑Mn.
By keeping track of the grading we see that the condition, on the projective birational
morphism π , is that π∗(Mn)/ torA(π∗(Mn)) should be flat over OX , for all n big enough
(Proposition 5.3).
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Spec(Q(A))) over Spec(Q(A))), is equivalent to the generic flatness of Mn over A, for
all n big.
In particular, the blow-up at Mn, say Xn
πn−→ Spec(A), is defined and Theorem 3.3)
asserts that there is an A-morphism
X
βn−→ Xn
for all n big enough.
6.5. Theorem. Fix (Z → Spec(A),M), T = A[X0,X1, . . . ,XN ]/Q, and ∑Mn as above.
If the Q(A)-modules Mn⊗AQ(A) are flat of constant rank for all n big, then the morphism
X
π−→ Spec(A) in Theorem 6.3(1), coincides with the blow-up of A at the A-module Mn,
for all n big (i.e., βn is an isomorphism for all n big).
6.6. Before we address the proof we present some basic results in the next two lemmas.
Recall that a finitely generated A-module M was defined to be generically flat when
M ⊗A Q(A) is a flat Q(A)-module (Definition 2.8).
6.7. Definition. Given (Z → Spec(A),M), we say that M is generically flat over A, if
M× Spec(Q(A)) is flat over Spec(Q(A)) in (6.1.1).
Recall that, as mentioned above, in the case in which Z = Proj(T ), T = A[X0,X1, . . . ,
XN ]/Q, andM is the Z-sheaf defined by ∑Mn, then generic flatness is equivalent to the
condition that the Q(A)-modules Mn ⊗A Q(A) be flat for all n big (5.3).
6.8. Definition. Let X be a noetherian separated scheme.
(1) We say that a coherent OX-sheaf N is generically flat, if such condition holds for the
restrictions of the sheaf to any affine open set.
(2) Let Y ⊂ PNX → X be a projective morphism, and letM be a coherent OY -sheaf.
(i) We say that M is generically flat over X if such condition holds by restriction to
any affine open set Spec(B) ⊂ X.
(ii) Assume thatM is defined in terms of a graded structure ∑Nn (eachNn coherent
over X). Let k(x) denote the residue field of OX,x . The Hilbert polynomial at the
fiber of x will be the Hilbert polynomial of
∑Nn ⊗ k(x).
We say that
∑Nn has constant Hilbert polynomial along X, if the Hilbert polynomial
of the fiber is independent of the point.
6.9. Lemma. Let N be a coherent sheaf on a scheme X. Assume that N is generically flat
of generic rank r , then the following are equivalent:
(a) N is locally free of rank r at any point.
(b) dimk(x)(N ⊗O k(x)) = r at any point x ∈ X.X,x
O. Villamayor U. / Journal of Algebra 295 (2006) 119–140 137Proof. That (a) implies (b) is clear. As for the converse note first that we may assume that
X = Spec(A) (is affine). In such case Fr (N ) = OX , and for all j < r Fj (N ) is defined
by a nilpotent ideal in A. Generic flatness insures that this nilpotent ideals Fj (N ) are zero
when localizing at Q(A); it follows that they are also zero at A. 
6.10. Lemma. Fix the setting and notation as in Definition 6.8(2)(ii), whereM is a coher-
ent OY -sheaf defined in terms of a graded structure
∑Nn. Assume that M is generically
flat over X. Then the following are equivalent:
(A) Nn is flat of fixed generic rank for all n big.
(B) ∑Nn has constant Hilbert polynomial along X.
Proof. It is clear that (A) implies (B). Let H denote the Hilbert polynomial in (B).
In order to prove the converse, it suffices to restrict to an affine open set Spec(A) ⊂ X.
Choose a point P ∈ Spec(A). For all n big enough the stalk of Nn at AP has local rank
H(n). We may argue as in the previous lemma to show that, over the open set Spec(A),
Nn is flat of constant rank for all n big. It is now clear that (A) will hold at X. 
Proof of Theorem 6.5. Set (Z → Spec(A),M) as above, where Z = Proj(T ), T =
A[X0,X1, . . . ,XN ]/Q, and M is a coherent sheaf induced by the graded T -module∑
Mn. By assumption the Hilbert polynomials of
∑
Mn ⊗A Q(A) are independent of
the primes at Spec(Q(A). We denote this Hilbert polynomial by H.
Let X π−→ Spec(A) be as in Theorem 6.3, and let (ZX → X,MX) be the torsion free
transform of (Z → Spec(A),M). So MX is a coherent ZX-sheaf, flat over X.
We will organize the proof as follows. Note, in the first place, that it suffices to show
that the morphism βn, in 6.4, is an isomorphism for all n big. Set now
(ZXn → Xn,Mn)
as the torsion free transform of (Z → Spec(A),M) via Xn → Spec(A) (Definition 6.2). To
prove that βn is an isomorphism we show thatMn is flat over Xn, and apply Theorem 6.3
for Y = Xn.
Our arguments will rely strongly on Lemma 6.10, so we begin by showing that the
setting of such lemma holds for the ZX-sheaf MX over X.
At X we define two exact sequences of graded structures:
0 → tor
(
π∗
(∑
Mn
))
→ π∗
(∑
Mn
)
→ π∗
(∑
Mn
)
→ 0 and
0 → tor
(
π∗
(
T =
∑
Tn
))
→ π∗
(∑
Tn
)
→ π∗
(∑
Tn
)
→ 0,
where π∗(
∑
Mn) and π∗(
∑
)Tn) denote the torsion free transforms of graded structures
mentioned in 6.2.
Note that π∗(
∑
Mn) is a graded π∗(
∑
Tn) module. Moreover ZX = Proj(π∗(∑Tn))
andM is the ZX defined by the graded module π∗(
∑
Mn).
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tively flat over U with Hilbert polynomial H over each point x ∈ U . Setting
(Z ×U → U,M×U)
by restriction, the sheafM×U is flat over U . The universal property of π , in Theorem 6.3,
asserts that
(
Spec(A) ⊃) U = π−1(U) (⊂ X).
Note that the morphism π is projective birational, so π−1(U) is dense in X. It follows now
that the Hilbert polynomial, of the graded structure π∗(
∑
Mn), is H at any point x ∈ X.
The graded structure π∗(
∑
Mn) = ∑π∗(Mn) defines MX , which is flat over X; so
π∗(Mn) is flat for n big (Proposition 5.3).
Fix an integer k big enough so that:
(i) π∗(Mk) (= π∗(Mk)/ tor(π∗(Mk))) is flat on OX .
(ii) tor(π∗(Mk))) spans the graded sheaf tor(π∗(
∑
Mn)) for all n k.
Under these conditions there is a natural morphism βk : X → Xk . Fix a point x ∈ X
mapping to, say P ∈ Spec(A). Set
F =
∑
Mn ⊗A k(P ) and k1 =OX,x/Mx;
so k(P ) ⊂ k1 is a field extension. Note that π∗(∑Mn) =∑Mn ⊗A OX , that∑
Mn ⊗OX k1 = F ⊗k(P ) k1,
and that there is an exact sequence
tor
(∑
Mn ⊗A OX
)
⊗OX,x k1
→
∑
Mn ⊗OX,x k1 →
(∑
Mn
)
⊗A OX,x ⊗OX,x k1 → 0.
The middle term is obtained from F by change of base field, so the Hilbert polynomial
of the middle term is the same as that of F . On the other hand the Hilbert polynomial of
the right hand side is H.
Our choice of k is such that there is a natural A-morphism
βk : X → Xk,
where Xk denotes the blow up at Mk . Recall that (ZXk → Xk,Mk) denotes the
torsion free transform of (Z → Spec(A),M) defined by Xk → Spec(A); and let
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Tn ⊗OXk and
∑
Mn ⊗OXk are the torsion free transform of T and
∑
Mn. Then
ZXk = Proj(
∑
Tn ⊗OXk ), and Mk is the ZXk -sheaf defined by the graded structure∑
Mn ⊗OXk .
We can view
∑
Mn ⊗OXk as a graded
∑
Tn ⊗OXk -sheaf. Define a new graded sheaf
over Xk , say G, by setting
0 → 〈[ tor(Mk ⊗A OXk )]k 〉→∑Mn ⊗A OXk → G → 0,
where 〈[tor(Mk ⊗R OL,y)]k〉 is the graded submodule spanned by elements of tor(Mk ⊗A
OXk ) in degree k.
The inclusion 〈[tor(Mk ⊗R OL,y)]k〉 ⊂ tor(∑Mn ⊗OXk ) defines a natural surjection
of graded structures over Xk :
G →
∑
Mn ⊗OXk → 0. (6.10.1)
Let G be the coherent ZXk -sheaf defined by the graded structure G. We will show that
G =Mk , and that this sheaf is flat over OXk . This would prove the X = Xk , and hence the
claim of the theorem.
Fix a point x ∈ X mapping to a point βk(x) = y ∈ Xk , and both mapping to a prime
P ∈ Spec(A).
Here Xk is the blow-up of Spec(A) at Mk , so Mk ⊗A OXk,y is the direct sum of the
torsion submodule and a free OXk,y -module. Moreover, our choice of k and the natural
identification
Mk ⊗A OX,x = Mk ⊗A OXk,y ⊗OXk,y OX,x
defines a surjection
tor(Mk ⊗A OXk,y)⊗OXk,y OX,x → tor(Mk ⊗A OX,x)(⊂ Mk ⊗A OX,x).
Note that the Hilbert polynomial of G ⊗OXk,y k(y) is the same as that of G ⊗OXk,y
k(y)⊗k(y) k(x); and this last graded structure is a quotient of the graded structure F ⊗k(P )
k(x).
Condition (ii), on the index k, asserts that the Hilbert polynomial of G⊗OXk,y k(y)⊗k(y)
k(x) is the same as the Hilbert polynomial of
∑
Mn ⊗A OX ⊗OX OX,x/Mx . On the other
hand,
∑
Mn ⊗A OX is projectively flat over OX , with fixed Hilbert polynomial H. So
G⊗OXk,y k(x) has Hilbert polynomial H.
Finally note that the surjective morphism (6.10.1) induces a surjection
G⊗OXk,y OXk,y/My →
∑
Mn ⊗A OXk ⊗OXk,y OXk,y/My → 0.
So the Hilbert function of the right-hand side is smaller, or equal, to that of the left-hand
side (to H).
140 O. Villamayor U. / Journal of Algebra 295 (2006) 119–140Since there is a dense open set U ′ ⊂ Xk (isomorphic to an open set in Spec(A) contain-
ing Spec(Q(A))), on which the polynomial is H for all fibers over U ′, it follows that the
polynomial of the right hand side is also H.
This arguments holds at any point y ∈ Xk , so Lemma 6.10 shows that ∑Mn ⊗A OXk
is projectively flat over OXn . Hence the ZXk -sheaf Mk is flat over Xk , which implies that
Xk dominates X. 
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